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1. Introduction
Let I be an interval in R . Then f : I → R is said to be convex if for all x, y ∈ I and λ ∈ [0,1],
f
(
λx+ (1− λ)y) λ f (x) + (1− λ) f (y). (1.1)
If (1.1) is strict for all x = y and λ ∈ (0,1), then f is said to be strictly convex.
If the inequality in (1.1) is reversed, then f is said to be concave. If inequality (1.1) is reversed and strict for all x = y
and λ ∈ (0,1), then f is said to be strictly concave.
The sequence {ak}∞k=1 is called convex if ak−1 + ak+1  2ak for k  2; the sequence {ak}∞k=1 is said to be concave if
ak−1 + ak+1  2ak for k 2.
It is well known that the theory of convex functions plays a very important role in mathematics and other ﬁelds.
There are so much literature (see, for example, [16] and [22]). Nowadays the study of convex functions has evolved into a
larger theory about functions which are adapted to other geometries of the domain and/or obey other laws of comparison
of means. For example, in 2000, by replacing the weighted arithmetic means in (1.1) with the weighted geometric ones,
Niculescu [15] deﬁned the multiplicatively convex function (also called GG-convex function) as follows:
Deﬁnition 1.1. Suppose that I is a subinterval of (0,∞). A function f : I → (0,∞) is called multiplicatively convex if for all
x, y ∈ I and λ ∈ [0,1],
f
(
x1−λ yλ
)
 f (x)1−λ f (y)λ. (1.2)
If (1.2) is strict for all x = y and λ ∈ (0,1), then f is said to be strictly multiplicatively convex.
If the inequality in (1.2) is reversed, then f is said to be multiplicatively concave. If inequality (1.2) is reversed and strict
for all x = y and λ ∈ (0,1), then f is said to be strictly multiplicatively concave.
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Theorem 1.2. (See [15, Proposition 4.3].) Let f : I → (0,∞) be a differentiable function deﬁned on a subinterval I of (0,∞). Then the
following assertions are equivalent:
(i) f is multiplicatively convex (concave).
(ii) The function xf
′(x)
f (x) is increasing (decreasing).
If moreover f is twice differentiable, then f is multiplicatively convex (concave) if and only if
x
[
f (x) f ′′(x) − f ′2(x)]+ f (x) f ′(x) 0 ( 0), ∀x ∈ I.
The corresponding variants for the strictly multiplicatively convex (concave) functions also work.
It is known [16, pp. 66–79] that the theory of multiplicatively convex functions is similar to that of classical convex
functions. Some inequalities are easier to state using multiplicatively convex functions and some are easier to state using
convex functions. However, in many cases the inequalities based on multiplicatively convexity are better than the direct
application of the usual inequalities of convexity (or yield complementary information). Thus, there is strong interest in
investigating the multiplicatively convex (concave) functions.
It should be noted that there has recently been a lot of interest in studying the monotonicity of sequences involving
convex (concave) functions. For example, Bennett and Jameson [5], Chen et al. [7], Kuang [11], and Qi [18] all have investi-
gated some sequences based on convexity and established some interesting results. With the help of these conclusions, they
deduced Alzer’s inequality, Minc–Sathre’s inequality, and some other inequalities involving the sum of powers of positive
numbers or the ratios of the arithmetic means of n numbers. These inequalities have been investigated by many mathe-
matician. For more information, we refer to the references in this paper.
Now, it is natural to ask whether one can deﬁne some monotone sequences based on multiplicative convexity. Let us see
the following remark which shows that multiplicative convexity does yield monotonicity of certain sequences as in a similar
way as convexity does.
Remark 1.3. Let f be a positive function deﬁned on I ⊂ (0,+∞) and set
F (n) =
{
f ((
∏n
k=1 xk)1/n)
(
∏n
k=1 f (xk))1/n
}n
(n = 1,2, . . .).
Then the sequence F (n) decreases if f is multiplicatively convex; the sequence F (n) is increasing if f is multiplicatively
concave.
Proof. If f is multiplicatively convex, then we can deduce that
f
((
n+1∏
k=1
xk
)1/(n+1))
= f
((
n∏
k=1
x1/nk
)n/(n+1)
· x
1
n+1
n+1
)

{
f
((
n∏
k=1
xk
)1/n)} nn+1
· ( f (xn+1)) 1n+1 ,
and hence, as desired, the sequence F (n) decreases with n (n = 1,2, . . .). The case where f is multiplicatively concave is
similar and is omitted. 
Our main purpose of this paper is to investigate some sequences involving multiplicatively convex (concave) functions.
As applications, many new inequalities between differences and ratios of means are obtained, and Minc–Sathre’s inequality,
Alzer’s inequality, and similar ones, are recovered. Some results in the literature are also improved and generalized.
2. Main results
Theorem 2.1. Let f be a positive function deﬁned in (0,1] and set
Ψ (n) =
{
n−1∏
f
(
k
n
)}1/(n−1)
(n 2). (2.1)k=1
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Ψ (n)
Ψ (n + 1) 
(
f ( nn+1 )
f ( 1n+1 )
)1/n(n−1)
(n 2). (2.2)
The inequality (2.2) is reversed if f is decreasing and multiplicatively concave.
Proof. The well-known Bernoulli inequality reads as follows: Let x > −1, if 0 α  1, then
(1+ x)α  (1+ αx), (2.3)
the inequality in (2.3) is reversed if α < 0 or α > 1.
For k = 1,2, . . . ,n − 1, using Bernoulli’s inequality, we then have
(
k + 1
n + 1
) k+1
n
(
k
n + 1
)1− k+1n
= k
n + 1
(
1− 1
k + 1
)− k+1n
>
k
n + 1
(
1+ 1
k + 1 ·
k + 1
n
)
= k
n
. (2.4)
Since f is increasing, from (2.4) it follows that
f
(
k
n
)
 f
((
k + 1
n + 1
) k+1
n
(
k
n + 1
)1− k+1n )
, k = 1, . . . ,n − 1. (2.5)
If f is multiplicatively convex, then we obtain
f
((
k + 1
n + 1
) k+1
n
(
k
n + 1
)1− k+1n )

(
f
(
k + 1
n + 1
)) k+1
n
(
f
(
k
n + 1
))1− k+1n
. (2.6)
A combination of (2.5) with (2.6) leads to
f
(
k
n
)

(
f
(
k + 1
n + 1
)) k+1
n
(
f
(
k
n + 1
))1− k+1n
. (2.7)
Multiplying the two sides of (2.7) from k = 1 to n − 1, we arrive at
n−1∏
k=1
f
(
k
n
)

(
n∏
k=1
f
(
k
n + 1
)) n−1n ( f ( nn+1 )
f ( 1n+1 )
) 1
n
. (2.8)
This shows that the inequality (2.2) holds if f is increasing and multiplicatively convex.
It is clear that the inequalities (2.5) and (2.6) are reversed and so (2.8) is reversed if f is decreasing and multiplicatively
concave. And therefore, the converse inequality of (2.2) holds if f is decreasing and multiplicatively concave. The proof is
completed. 
Theorem 2.2. Let f : (0,1] → [1,+∞) be a real-valued function and the sequences {ak}∞k=1 and {ck}∞k=1 be two increasing positive
ones such that the sequence {( ak+1ak )ck }∞k=1 increases.
(1) If f is an increasing and multiplicatively convex (concave) function and {ck}∞k=0 is a convex sequence, i.e., the sequence{ck − ck−1}∞k=1 increases, where we let c0 = 0, then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1cn }∞
n=1
is decreasing. That is
(
n∏
k=1
f
(
ak
an
)) 1cn

(
n+1∏
k=1
f
(
ak
an+1
)) 1cn+1
. (2.9)
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creases, then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1cn }∞
n=1
increases.
Proof. As the proofs are similar, here we only give the proof of (1) and that of (2) is omitted.
Since the sequences {ak}∞k=1 and {( ak+1ak )ck }∞k=1 increase, then, for k = 1, . . . ,n, we have(
ak+1
an+1
) ck
cn+1
(
ak
an+1
)1− ckcn+1 = ak
an+1
(
ak+1
ak
) ck
cn+1
 ak
an+1
(
an+1
an
) cn
cn+1
 ak
an
. (2.10)
Similarly,
(
ak−1
an
) ck−1
cn
(
ak
an
)1− ck−1cn = ak
an
(
ak−1
ak
) ck−1
cn
 ak
an+1
, k = 2, . . . ,n. (2.11)
Since f is increasing, from (2.10) and (2.11), we obtain
f
(
ak
an
)
 f
((
ak+1
an+1
) ck
cn+1
(
ak
an+1
)1− ckcn+1 )
, k = 1,2, . . . ,n, (2.12)
f
(
ak
an+1
)
 f
((
ak−1
an
) ck−1
cn
(
ak
an
)1− ck−1cn )
, k = 2, . . . ,n. (2.13)
If f is multiplicatively concave, then
f
((
ak+1
an+1
) ck
cn+1
(
ak
an+1
)1− ckcn+1 )

(
f
(
ak+1
an+1
)) ck
cn+1
(
f
(
ak
an+1
))1− ckcn+1
. (2.14)
A combination of (2.12) with (2.14) leads to
f
(
ak
an
)

(
f
(
ak+1
an+1
)) ck
cn+1
(
f
(
ak
an+1
))1− ckcn+1
. (2.15)
Multiplying the two sides of (2.15) from k = 1 to n, we have
n∏
k=1
f
(
ak
an
)

(
n+1∏
k=1
f
(
ak
an+1
))1− ckcn+1 + ck−1cn+1
. (2.16)
Since {ck}∞k=0 is convex sequence, i.e., {ck − ck−1}∞k=1 increases, there follows that
cn+1 + ck−1 − ck  cn, k = 1,2, . . . ,n. (2.17)
Note that f  1 and from (2.16) and (2.17) it follows that
n∏
k=1
f
(
ak
an
)

(
n+1∏
k=1
f
(
ak
an+1
)) cncn+1
.
This shows that inequality (2.9) holds.
If f is multiplicatively convex, then
f
((
ak−1
an
) ck−1
cn
(
ak
an
)1− ck−1cn )

(
f
(
ak−1
an
)) ck−1
cn
(
f
(
ak
an
))1− ck−1cn
, k = 2, . . . ,n.
This together with (2.13) yields
f
(
ak
)

(
f
(
ak−1
)) ck−1
cn
(
f
(
ak
))1− ck−1cn
, k = 2, . . . ,n. (2.18)
an+1 an an
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f
(
a1
an+1
)
 f
(
a1
an
)
, (2.19)
and
f
(
an+1
an+1
)
= f
(
an
an
)
= f (1). (2.20)
It follows from (2.18)–(2.20) that
n+1∏
k=1
f
(
ak
an+1
)

(
n∏
k=1
f
(
ak
an
))1− ck−1cn + ckcn
. (2.21)
Since f  1, using (2.17) and (2.21), we can deduce that
n+1∏
k=1
f
(
ak
an+1
)

(
n∏
k=1
f
(
ak
an
)) cn+1cn
,
and hence, as desired, the inequality (2.9) also holds and so the proof is completed. 
Taking ck = k (k = 0,1,2, . . .) in Theorem 2.2, one can obtain the following
Theorem 2.3. Let f be a positive function deﬁned in (0,1] and {ak}∞k=1 be an increasing positive sequence such that the sequence
{( ak+1ak )k}∞k=1 increases.
(1) If f is an increasing and multiplicatively convex (concave) function, then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1n}∞
n=1
is decreasing. That is
(
n∏
k=1
f
(
ak
an
)) 1n

(
n+1∏
k=1
f
(
ak
an+1
)) 1n+1
. (2.22)
(2) If f is decreasing and multiplicatively convex (concave), then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1n}∞
n=1
increases.
Proof. Here we only give the proof of (1) since that of (2) is similar. As a matter of fact, if the range of f lies in [1,+∞),
then the conclusion directly follows from Theorem 2.2(1). If the range of f does not lie in [1,+∞), then we can multiply f
by a large positive constant c to make cf  1 on the ﬁnitely many points involved in (2.22). Replacing f with cf and using
Theorem 2.2(1) again, one can also get the same conclusion and so the proof is completed. 
We note that, in Theorems 2.2 and 2.3, one gets the same conclusion when f is decreasing (increasing) convex or
concave. Thus, one can combine these to obtain the same conclusion when f = f1 f2, where f1 is decreasing (increasing)
and multiplicatively convex and f2 is decreasing (increasing) and multiplicatively concave. Now we present the following
theorems, which extend the applications of Theorems 2.2 and 2.3, respectively. For convenience, we need the following
notation and symbols:
I = { f ∣∣ f is increasing and multiplicatively convex in (0,1]},
D = { f ∣∣ f is decreasing and multiplicatively convex in (0,1]},
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D∗ = {g ∣∣ g is decreasing and multiplicatively concave in (0,1]},
S = { f g ∣∣ f ∈ I, g ∈ I∗} and T = { f g ∣∣ f ∈ D, g ∈ D∗}.
Obviously, I (I∗) ⊂ S and D (D∗) ⊂ T .
Theorem 2.4. Let f be a positive function deﬁned in (0,1] and the sequences {ak}∞k=1 and {ck}∞k=1 be two increasing positive ones such
that {( ak+1ak )ck }∞k=1 is an increasing sequence.
(1) If f = f1 f2 , where f1 ∈ I, f1  1, f2 ∈ I∗ , f2  1, and {ck}∞k=0 is a convex sequence, i.e., the sequence {ck − ck−1}∞k=1 increases,
where we let c0 = 0, then the sequence{{
n∏
k=1
f
(
ak
an
)} 1cn }∞
n=1
is decreasing.
(2) If f = f1 f2 , where f1 ∈ D, f1  1, f2 ∈ D∗, f2  1, and {ck}∞k=0 is concave sequence, i.e., the sequence {ck − ck−1}∞k=1 decreases,
then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1cn }∞
n=1
is increasing.
Proof. The proofs are similar and so we only give the proof of (1). Since f = f1 f2, from Theorem 2.2(1), we obtain two
decreasing sequences whose termwise product is again decreasing and so the proof is completed. 
Theorem 2.5. Let f be a positive function deﬁned in (0,1] and the sequence {an}∞n=1 be deﬁned as in Theorem 2.3.
(1) If f ∈ S, then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1n}∞
n=1
is decreasing.
(2) If f ∈ T , then the sequence
{{
n∏
k=1
f
(
ak
an
)} 1n}∞
n=1
is increasing.
Proof. Here we only give the proof of (1) since that of (2) is similar. If f ∈ S , then there exist f1 ∈ I and f2 ∈ I∗ such that
f = f1 f2. Using Theorem 2.3(1), we obtain two decreasing sequences whose termwise product is again decreasing and so
the proof is completed. 
3. Some applications
In this section, as applications, taking some special function f and special sequences {ak}∞k=1 and {ck}∞k=1 satisfying
the theorems of Section 2, many new inequalities between differences and ratios of means will be obtained, and Alzer’s
inequality, Minc–Sathre’s inequality, and similar ones, are recovered and generalized.
Theorem3.1. Let a1, . . . ,an > 0 (n 2) and for each 1 k n put Ak = (1/k)∑ki=1 ai , Gk = (∏ki=1 ai)1/k, and Hk = k/(∑ki=1 1/ai).
Then (
Ak
)k

(
Ak−1
)k−1
, k = 2, . . . ,n, (3.1)Gk Gk−1
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Gk
Hk
)k

(
Gk−1
Hk−1
)k−1
, k = 2, . . . ,n, (3.2)
(
Ak
Hk
)k

(
Ak−1
Hk−1
)k−1
, k = 2, . . . ,n. (3.3)
Proof. Let f (x) = ln x, x ∈ (1,+∞). According to the A-G inequality we see that f is multiplicatively concave. Using Re-
mark 1.3, we have(
ln(
∏k−1
i=1 xi)1/(k−1)
(
∏k−1
i=1 ln xi)1/(k−1)
)k−1

(
ln(
∏k
i=1 xi)1/k
(
∏k
i=1 ln xi)1/k
)k
, k = 2, . . . ,n,
or ( 1
k−1
∑k−1
i=1 ln xi
(
∏k−1
i=1 ln xi)1/(k−1)
)k−1

( 1
k
∑k
i=1 ln xi
(
∏k
i=1 ln xi)1/k
)k
, k = 2, . . . ,n. (3.4)
Taking xi = exp(ai) and xi = exp(1/ai) in (3.4), respectively, we can obtain (3.1) and (3.2). Clearly, inequality (3.3) follows
from (3.1) and (3.2). 
Remark 3.2. The inequality (3.1) is commonly referred to as Popoviciu’s inequality has been proven by many researchers
[8,10]. Moreover, the inequalities (3.2) and (3.3) are of Popoviciu type [6,14]. Here we just gave some new proofs of them.
Theorem 3.3. Let ai > 0, i = 1, . . . ,n (n 2) and set Mk = ( 1k
∑k
k=1 a
p
i )
1/p (p = 0) and R(k) = k(Gpk − Mpk ). Then
R(n) R(n − 1) · · · R(1). (3.5)
Proof. It suﬃces to prove that
R(k − 1) R(k), k = 2,3, . . . ,n.
One can easily see that the function f (x) = exp(x) (x > 0) is multiplicatively convex. Replacing api by bi (i = 1,2, . . .) and
standard calculating give us
F (k) =
{
f ((
∏k
i=1 bi)1/k)
(
∏k
i=1 f (bi))1/k
}k
=
{
exp(Gpk )
exp(Mpk )
}k
.
From Remark 1.3, it follows that{
exp
(
Gpk−1 − Mpk−1
)}k−1  {exp(Gpk − Mpk )}k, k = 2,3, . . . ,n.
Taking logarithm leads to
R(k − 1) R(k), k = 2,3, . . . ,n. 
Remark 3.4. If we choose p = 1 in (3.5), then we obtain Rado’s inequality ([6, p. 101], [16, p. 13]):
n(An − Gn) (n − 1)(An−1 − Gn−1) · · · (A1 − G1) = 0.
The well-known Minc–Sathre’s inequality [13] reads as follows:
n
n + 1 <
n
√
n!
n+1√(n + 1)! < 1. (3.6)
The inequality (3.6) has stimulated the interest of many researchers to provide new proofs, improvements, and generaliza-
tions. See, for example, [1–3,11,12,19,20] and the references cited therein. In particular, Alzer [1] established the following
improvement:
n + 1
n + 2 <
n
√
n!
n+1√(n + 1)! < 1 (n 1). (3.7)
Now we establish another improvement of (3.7).
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n + 1
n + 2 <
n
√
n!
n+1√(n + 1)! <
n + 1
n + 2 (n + 1)
1/n(n+1). (3.8)
Proof. It is easy to see that the function f (x) = x, x ∈ (0,1], is strictly increasing and multiplicatively convex. Using Theo-
rem 2.1, we have
Ψ (n + 1)
Ψ (n + 2) <
(
f (n+1n+2 )
f ( 1n+2 )
)1/n(n+1)
,
or (
n∏
k=1
k
n + 1
)1/n
<
(
n+1∏
k=1
k
n + 2
)1/(n+1)
(n + 1)1/n(n+1).
This implies the right-hand inequality in (3.8). Using the left-hand inequality in (3.7), we obtain (3.8) and so the proof is
completed. 
Remark 3.6. Using Bernoulli’s inequality, we get
(1+ n) 1n(n+1) < n + 2
n + 1 (n 1),
which implies that
n + 1
n + 2 (n + 1)
1/n(n+1) < 1.
Thus, inequality (3.8) does improve (3.7).
Since the functions x1+x and 1+ x are strictly increasing and multiplicatively concave functions in (0,1], let f (x) = x1+x or
f (x) = 1+ x in (2.22), respectively, by direct calculation. We obtain a generalization of Minc–Sathre’s inequality as follows:
Theorem 3.7. If {ak}∞k=1 is an increasing positive sequence such that the sequence {( ak+1ak )k}∞k=1 increases, then
an
an+1

n
√∏n
k=1(ak + an)
n+1
√∏n+1
k=1(ak + an+1)

n
√∏n
k=1 ak
n+1
√∏n+1
k=1 ak
. (3.9)
Taking ak = k (k = 1,2, . . .) in (3.9), we can also obtain [11]:
n
n + 1 
n
√
(2n)!
n!
n+1
√
(2n+1)!
(n+1)!

n
√
n!
n+1√(n + 1)! . (3.10)
Alzer’s inequality [2] reads as follows:
n
n + 1 <
(
(n + 1)∑nk=1 kp
n
∑n+1
k=1 kp
)1/p
(p > 0), n = 1,2, . . . , (3.11)
which can be rephrased as the following monotonic result.
Theorem 3.8. If p > 0, then the sequence
1p + 2p + · · · + np
np+1
(n = 1,2, . . .) (3.12)
decreases with n.
The original proof of Theorem 3.8 was unduly complicated and much simpler approach has been provided by Kuang [11],
Sándor [19], and Ume [20]. Recently, Bennett [3] provided a new proof which may be the simplest of all approaches to
Theorem 3.8, and it had the added virtue of working for all real numbers p. He presented the following
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1p + 2p + · · · + np
np+1
(n = 1,2, . . .) (3.13)
decreases with n. The sequence increases if p < 0.
Proof. Using Theorem 1.2, one can easily ﬁnd that the function f (x) = exp(xp) (0 < x 1) is increasing and multiplicatively
convex for p  0, and decreasing and multiplicatively convex for p < 0. Taking ak = k (k = 1,2, . . .) in Theorem 2.3, we have
completed the proof. 
In 2007, Bennett also announced the following generalization of Alzer’s inequality as Theorem 14 of [3] and proved it in
[4] by using the Ratio Principle. Here we give an alternative proof of it.
Theorem 3.10. (See [3, Theorem 14].) If the sequences
an and
(
an+1
an
)n
,
both increase (respectively decrease) with n, then the sequence
( 1n
∑n
k=1 a
p
k )
1
p
an
(p = 0) (3.14)
decreases (respectively increases) with n.
Proof. (Increasing case). Taking f (x) = exp(xp) (x > 0) in Theorem 2.3 and noting that(
n∏
k=1
f
(
ak
an
)) 1n
= exp
(∑n
k=1 a
p
k
napn
)
,
we can deduce that the sequence{∑n
k=1 a
p
k
napn
}∞
n=1
decreases for p > 0, and increases for p < 0, which shows that the sequence
{
( 1n
∑n
k=1 a
p
k )
1
p
an
}∞
n=1
decreases with n.
(Decreasing case). We apply the above version (increasing case) with the sequence {ak}∞k=1 replaced by the sequence
{ 1ak }∞k=1.
It should be noted that Qi [17] offered the ﬁrst generalization of Alzer’s inequality (3.11) by replacing the sequence
{k}∞k=1 by the sequence {l + k}∞k=1, where l is nonnegative integer. He showed that
n + l
n +m + l <
( 1
n
∑n+l
k=l+1 kp
1
n+m
∑n+m+l
k=l+1 kp
)1/p
, (3.15)
where p is any given positive real number, n and m are natural numbers.
Taking ak = l + k in (3.14), one can easily see that inequality (3.15) holds for any given real number p = 0. 
Here we also mention that Elezovic´ and Pecˇaric´ [9] considered the following generalization of Alzer’s theorem (Theo-
rem 3.8) and a new proof of it is given by Bennett [4].
Theorem 3.11. Suppose that {ak}∞k=1 is increasing positive sequence and that the sequence {ak}∞k=0 is convex, where a0 = 0. Then, for
any p > 0, the sequence{
ap1 + ap2 + · · · + apn
ap+1n
}∞
n=1
(3.16)
decreases with n.
K. Guan / J. Math. Anal. Appl. 362 (2010) 156–166 165Taking f (x) = exp(xp) (0 < x 1) and ck = ak in Theorem 2.2, we can establish the following
Theorem 3.12. Let {ak}∞k=1 be an increasing positive sequence such that the sequence {( ak+1ak )ak }∞k=1 increases.
(1) If {ak}∞k=0 is a convex sequence, where we let a0 = 0, then the sequence{
ap1 + ap2 + · · · + apn
ap+1n
}∞
n=1
(p > 0) (3.17)
decreases with n.
(2) If {ak}∞k=0 is a concave sequence, then the sequence{
ap1 + ap2 + · · · + apn
ap+1n
}∞
n=1
(p < 0) (3.18)
increases with n.
This reduces to Theorem 10′ of [3] when ak = k.
Ume [21] considered yet another variant on Alzer’s inequality, but his results are too complicated to be described in
details here. He showed that the sequence{∑l+n
i=l+1 irp
nr(l + n)rp
}∞
n=1
decreases with n, where l is a nonnegative integer, p > 0, and r = 1 or r  2. And he asked whether this assertion continues
to hold for all r  1.
Since the sequence ((l + 1)r, (l + 2)r, . . .) is convex for r  1, and concave for 0 < r  1, taking f (x) = exp(xp) and
ak = l + k, k = 1,2, . . . , in Theorem 3.12, and noting that (n+l)rnr (r > 0) decreases with n (n = 1,2, . . .), we obtain the
following statement:
Theorem 3.13. Let n be a natural number and l be a nonnegative integer.
(1) When r  1 and p > 0, the sequence∑l+n
i=l+1 irp
nr(l + n)rp (n = 1,2, . . .)
decreases with n.
(2) When 0 < r  1 and p < 0, the sequence∑l+n
i=l+1 irp
(l + n)r(p+1) (n = 1,2, . . .)
increases with n.
Acknowledgments
The author is very grateful to the referees for their valuable suggestions for the improvement of this paper.
References
[1] H. Alzer, On some inequalities involving (n!)1/n , Rocky Mountain J. Math. 3 (1994) 867–873.
[2] H. Alzer, On an inequality of Minc and Sathre, J. Math. Anal. Appl. 79 (1993) 396–402.
[3] G. Bennett, Meaningful sequences, Houston J. Math. 2 (2007) 555–580.
[4] G. Bennett, Meaningful inequalities, J. Math. Inequal. 4 (2007) 449–471.
[5] G. Bennett, G. Jameson, Monotonic averages of convex functions, J. Math. Anal. Appl. 252 (2000) 410–430.
[6] P.S. Bullen, Means and Their Inequalities, Kluwer Academic Publishers, Dordrecht, 2003.
[7] C.-P. Chen, F. Qi, P. Cerone, S.S. Dragomir, Monotonicity of sequences involving convex and concave functions, Math. Inequal. Appl. 2 (2003) 229–239.
[8] A. Dinghas, Zum Beweis der Ungleichung zwischen dem arithmetischen und geometrischen Mittel von n Zahlen, Math.-Phys. Semesterber. 9 (1963)
157–163.
[9] N. Elezovic´, J. Pecˇaric´, On Alzer’s inequality, J. Math. Anal. Appl. 223 (1998) 366–369.
[10] H. Kestelman, On arithmetic and geometric means, Math. Gaz. 46 (1962) 130.
[11] J.-Ch. Kuang, Some extensions and reﬁnements of Minc–Sathre inequality, Math. Gaz. 83 (1999) 123–127.
[12] J.S. Martins, Arithmetic and geometric means, an applications to Lorentz sequence spaces, Math. Nachr. 139 (1988) 281–288.
166 K. Guan / J. Math. Anal. Appl. 362 (2010) 156–166[13] H. Minc, L. Sathre, Some inequalities involving (r!)1/r , Proc. Edinb. Math. Soc. 14 (1964/1965) 41–46.
[14] D.S. Mitrinovic´, Analytic Inequalities, Springer-Verlag, New York, 1970.
[15] C.P. Niculescu, Convexity according to the geometric mean, Math. Inequal. Appl. 2 (2000) 155–167.
[16] C.P. Niculescu, L.E. Persson, Convex Functions and Their Applications – A Contemporary Approach, Springer, 2006.
[17] F. Qi, Generalization of H. Alzer’s inequality, J. Math. Anal. Appl. 240 (1999) 294–297.
[18] F. Qi, Generalizations of Alzer’s and Kuang’s inequality, Tamkang J. Math. 3 (2000) 223–227.
[19] J. Sándor, On an inequality of Alzer, J. Math. Anal. Appl. 192 (1995) 1034–1035.
[20] J.S. Ume, An elementary proof of H. Alzer’s inequality, Math. Japonica 44 (1996) 521–522.
[21] J.S. Ume, An inequality for a positive real function, Math. Inequal. Appl. 4 (2002) 693–696.
[22] R. Webster, Convexity, Oxford University Press Inc., New York, 1995.
